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Chapter 1 
I n t r o d u c t i o n  
Over t h e  pas t  f i f t e e n  years,  i n t e r e s t  has cont inued t o  grow i n  t h e  
s t u d y  o f  gear ing  technology. There have been i n c r e a s i n g  demands f o r  
improved power t ransmiss ion.  
systems a r e  i n  h i g h e r  power-to-weight r a t i o s ,  b e t t e r  c o n t r o l  o f  
t ransmiss ion  v i b r a t i o n ,  reduced noise, increased r e l i a b i l i t y ,  and longer  
l i f e .  To o b t a i n  these improvements, i t  i s  necessary t o  have a thorough 
understanding o f  t h e  stresses, the dynamic loading,  t h e  c o n t a c t  forces,  t h e  
v i b r a t i o n  and t h e  no ise  c h a r a c t e r i s t i c s ,  t h e  l u b r i c a t i o n  phenomena and t h e  
f a t i g u e  l i f e .  For example, gear l u b r i c a t i o n  technology i n v o l v e s  t h e  Her tz  
c o n t a c t  s t ress ,  t h e  elastohydrodynamic f i l m  th ickness,  and t h e  f l a s h  tem- 
pera ture .  These a r e  t h e  major f a c t o r s  i n  t o o t h  s u r f a c e  s c u f f i n g .  The 
understanding o f  these phenomena r e q u i r e s  a knowledge of t h e  r e l a t i v e  cur -  
v a t u r e  o f  t h e  c o n t a c t i n g  t o o t h  p r o f i l e s  and o f  t h e i r  r e l a t i v e  v e l o c i t i e s .  
T h i s  i s  a problem o f  t h e  t o o t h  geometry. T h i s  problem i s  addressed i n  t h i s  
r e p o r t .  
The major areas f o r  improv ing t ransmiss ion  
S p e c i f i c a l l y ,  t h e  r e p o r t  i s  concerned w i t h  a computer a n a l y s i s  o f  t h e  
I t presents  a new model ing method t o  s i m u l a t e  t h e  gear geometry o f  gears. 
manufac tur ing  machining processes, such as gear hobbing, and s t r a i g h t  and 
s p i r a l  bevel  gear machining. The method i s  based on t h e  work i n  r e f e r e n c e  
[11*, a l l o w i n g  f o r  bo th  s tandard and nonstandard gear t o o t h  model l ing.  
*Numbers appear ing i n  square brackets  r e f e r  t o  re fe rences  a t  t h e  end 
of t h e  r e p o r t .  
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F u r t h e r ,  i t  discusses t h e  procedures f o r  t h e  c u t t e r  design. 
r e l a t i o n s  f o r  t h e  t o o t h  sur faces o f  spur and bevel  gears a r e  presented. 
The r e s u l t s  and procedures are  expected t o  form a b a s i s  f o r  improved gear 
design. 
The k inemat ic  
The balance o f  t h e  r e p o r t  i s  d i v i d e d  i n t o  t h r e e  chapters .  I n  t h e  
f o l l o w i n g  chapter  a model of t h e  gear hobbing process i s  presented. 
t o o t h  p r o f i l e  generat ion t h e o r y  i s  a l s o  der ived.  
nonstandard t o o t h  p r o f i l e s ,  and t h e  development o f  r e c i p r o c a l  conjugate 
gear t o o t h  c u t t e r  i s  discussed. I n  t h e  next  chapter  t h e  procedures a r e  
genera l i zed  t o  three-dimensions. 
i t s  manufactur ing method are b r i e f l y  discussed. 
f o r  s t r a i g h t  and s p i r a l  bevel gears a r e  modeled. The t o o t h  sur face  
equat ions o f  t h e  s t r a i g h t  and s p i r a l  bevel  gear a r e  d e r i v e d  i n  c u r v i l i n e a r  
paramet r ic  form. The f i n a l  chapter  p resents  a summary o f  t h e  methods. I t  
discusses a p p l i c a t i o n s  and suggest ions f o r  t h e  f u t u r e  research. 
A gear 
The development o f  t h e  
The bas ic  t h e o r y  o f  t h e  bevel gear and 
The machining mechanisms 
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Chapter 2 
One Parameter Enveloping and Gear Tooth P r o f i l e  Generat ion 
. 
2.1 I n t r o d u c t i o n  
Recent advances i n  computer g raph ics  and computer aided design p resen t  
an o p p o r t u n i t y  f o r  developing new procedures f o r  o p t i m i z i n g  gear t o o t h  
geometry. I n  t h i s  chapter, a procedure f o r  genera t i ng  t o o t h  p r o f i l e s  i s  
presented. I t  employs t h e  envelope o f  a one-parameter f a m i l y  curves. The 
b u t  t h e  same 
t h  s t r a i g h t ,  
standard and nonstandard gear tee th ,  
t h  3-dimension gear tee th ,  such as w 
focus  i s  upon 2-dimension 
approach may be appl i e d  w 
and s p i r a l  bevel gears. 
The bas i c  concepts under ly ing  t h e  method are r e a d i l y  seen by con- 
s i d e r i n g  the  hob c u t t e r  process f o r  f a b r i c a t i n g  spur gear tee th .  Th is  pro-  
cess i s  based upon t h e  concept o f  a r e c i p r o c a t i n g  rack c u t t e r  w i t h  s t r a i g h t  
t e e t h  moving across a gear blank as dep ic ted  i n  F i g u r e  2.1.1. 
Geomet r i ca l l y  t h i s  process may be viewed as a s e r i e s  o f  i n c l i n e d  l i n e  
segments i n t e r s e c t i n g  t h e  c i r c u l a r  gear blank, w i t h  t h e  envelope o f  t h e  
l i n e  segments fo rming  t h e  t o o t h  p r o f i l e  as shown i n  F i g u r e  2.1.2 [ZI. 
A second way o f  v iewing  t h i s  process i s  t o  imagine a p e r f e c t l y  p l a s t i c  
wheel r o l l i n g  over a ' 's tep" o r  obs tac le  i n  t h e  f o r m  of a rack  t o o t h  as 
shown i n  F i g u r e  2.1.3. The impression ( o r  " f o o t p r i n t " )  forms the  gear 
t o o t h  p r o f i l e .  I t  i s  w e l l  known t h a t  t h i s  t o o t h  p r o f i l e  i s  an i n v o l u t e  of 
a c i r c l e .  That i s ,  the envelope o f  t h e  l i n e  segments on t h e  gear blank i s  
an i n v o l u t e  o f  a c i r c l e .  
Reca l l  t h a t  t he  i n v o l u t e  of a c i r c l e  may be viewed as the  l ocus  of t h e  
end o f  a cord being unwrapped around a c i r c l e .  I f  t h e  c i r c l e  has i n f i n i t e  
3 
\ 
(FEED) 4
F i g u r e  2.1.1. Rec ip rocat ing  Rack C u t t e r  and Gear Blank 
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.. 
Cutter 
Gear Blank 
Figure 2.1.2 Generation of an Involute Tooth 
Profile By a Rack Cutter 
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. 
Figure  2.1.3. Wheel R o l l i n g  Over a Rack Tooth Forming t h e  Tooth P r o f i l e  
. 
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r a d i u s ,  t h e  i n v o l u t e  w i l l  be s t r a i g h t ,  as w i t h  t h e  r a c k  t o o t h .  
. 
2.2 Envelope o f  a Fami ly  of Curves 
Consider a p lane curve C as shown i n  F i g u r e  2.2.1. 
be represented by an equat ion  of t h e  form y = f ( x ) .  Suppose i n  t h i s  func-  
t i o n a l  d e s c r i p t i o n  we in t roduce a parameter t d e f i n i n g  a f a m i l y  o f  s i m i l a r  
curves. 
change and t h a t  they  i n t e r s e c t  each o ther  as i n  t h e  f i g u r e .  
tangent  t o  t h e  i n t e r s e c t i o n  curves i s  then t h e  envelope of t h e  f a m i l y  C31. 
A n a l y t i c a l l y  C may 
Suppose f u r t h e r  t h a t  as t changes t h e  o r i e n t a t i o n  o f  t h e  curves 
The curve E, 
I t  i s  r e l a t i v e l y  easy t o  ob ta in  an a n a l y t i c a l  express ion f o r  t h e  enve- 
lope.  
f ( x ,  t )  o r  F(x, y, t )  = 0 where t i s  t h e  mot ion parameter. If t i s  
r e p l a c e d  by t + a t  where A t  i s  a smal l  increment i n  t, t h e  express ion 
F ( x ,  y, t + A t )  = 0 a l s o  represents  a member of t h e  f a m i l y  o f  curves. 
Hence, t h e  " d i f f e r e n c e  q u o t i e n t "  CF(x, y, t + A t )  - F(x,  y, t ) l / A t  = 0 i s  a 
member of t h e  f a m i l y  as w e l l .  Therefore,  by a l i m i t i n g  process, a second 
express ion f o r  members o f  t h e  f a m i l y  of t h e  curves i s  aF(x, y, t ) / a t  = 0. 
By e l i m i n a t i n g  t between F and a F / X  we o b t a i n  an equat ion o f  t h e  fo rm 
G ( x ,  y) = 0. G(x, y) thus  represents  t h e  locus  of p o i n t s  common t o  F = 0 
and a F / a t  = 0. That i s ,  G(x, y) represents  t h e  p o i n t s  on t h e  envelope E 
and i s  thus  t h e  d e s i r e d  a n a l y t i c a l  r e p r e s e n t a t i o n  o f  E. (See Appendix A 
f o r  a d d i t i o n a l  d e t a i l s . )  
To see t h i s ,  l e t  t h e  representa t ion  of the  f a m i l y  of curves be y = 
To i l l u s t r a t e  these ideas, cons ider  t h e  envelope o f  a f a m i l y  o f  l i n e s ,  
each a d i s t a n c e  r f rom a f i x e d  p o i n t  0 as dep ic ted  i n  F i g u r e  2.2.2. L e t  4 
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Y 
x 
Figure 2.2.1. A Family of Intersecting Curve 
Y 
t X 0 
Figure 2.2.2. A Family of Line Equidistant from a Point 
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. 
be the  
t h e  i n c l  
i n c l  i n a t  
equat ion  
n c l i n a t i o n  angle o f  a t y p i c a l  member L o f  t h e  fam l y  and l e t  4 be 
n a t i o n  angle of a t y p i c a l  member L of t h e  f a m i l y  and l e t  e be t h e  
on o f  t h e  l i n e  normal t o  L and pass ing th rough 0 as shown. 
o f  L might  be w r i t t e n  as: 
The 
y - yp = m ( x  - xp) (2.2.1) 
where m i s  t h e  s lope of L and (xp, yp) a r e  t h e  coord ina tes  o f  P, t h e  p o i n t  
But, m = t a n 4  and t a n 4  
Hence, 
o f  i n t e r s e c t i o n  of L and i t s  normal l i n e  through 0. 
= -coso. 
t h e  equat ion o f  L migh t  be r e w r i t t e n  as: 
A lso  xp and yp may be expressed as r cos0 and r s i n e  . 
y - r s i n o  = ( - c o t o ) ( x  - r c o s o )  (2.2.2) 
o r  as: 
y s i n o  + xcose - r = o = F ( X ,  y, 0 )  (2.2.3) 
Equat ion (2.2.3) may be considered as d e f i n i n g  t h e  f a m i l y  o f  t h e  l i n e s  
By d i f f e r e n t i a t i n g  w i t h  r e s p e c t  t o  e, we w i t h  e being t h e  f a m i l y  parameter. 
have 
= ycoso - xs ino  = 0 a F  ao - (2.2.4) 
F i n a l l y ,  t h e  equat ion o f  the envelope may be ob ta ined by s o l v i n g  
equat ions (2.2.3) and (2.2.4) f o r  x and y, l e a d i n g  t o  t h e  expression: 
x = r c o s o  and y = r s i n o  (2.2.5) 
o r  by e l i m i n a t i n g  o as: 
x2 + y 2  = r 2  (2.2.6) 
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The envelope, as  expected, i s  a c i r c l e ,  w i t h  t h e  f a m i l y  o f  l i n e s  be ing  
tangent  t o  t h e  c i r c l e .  
2.3 Development o f  I n v o l u t e  Spur Gear Teeth 
A s i m i l a r  procedure can be used t o  examine a spur gear t o o t h  p r o f i l e .  
Consider again F igure  2.1.3 where t h e  i n v o l u t e  p r o f i l e  i s  generated by t h e  
s t e p ' s  impress ion on the  p l a s t i c  wheel. To descr ibe  t h e  impress ion we need 
t o  f i n d  t h e  envelope, i n  the  wheel, of t h e  l i n e  segments r e p r e s e n t i n g  t h e  
s ides  o f  t h e  step. To  t h i s  end, cons ider  F i g u r e  2.3.1 where L i s  a s tep  
side, l i n e  segment. L i s  i n c l i n e d  a t  an angle 4 t o  t h e  X - a x i s  and i t  
i n t e r s e c t s  the  X ax is  a t  a d i s t a n c e  x o  from t h e  o r i g i n .  
r a d i u s  r, c e n t e r  0, and r o l l  angle e. 
W w i t h  o r i g i n  a t  0. 
t h e  X - i  system. 
The wheel W has a 
X and Y are  c o o r d i n a t e  axes f i x e d  i n  
The o b j e c t i v e  i s  then t o  express t h e  envelope o f  L i n  
L e t  ( x ,  y)  and Cx, y )  be coord ina tes  o f  a t y p i c a l  p o i n t  P on L, r e l a -  
t i v e  t o  t h e  x - Y  and i-? systems. 
w i t h  x^ and 
Then i t  i s  shown t h a t  x and y are  r e l a t e d  
by the express ion:  
x = r + icosr i  + j s i n o  
and 
y = r - i s i n e  + j c o s o  
The equat ion o f  L i s  
(2.3.1) 
(2.3.2) 
y = ( x  - x o ) t a n +  (2.3.3) 
Using equat ions (2.3.1) and (2.3.21, L may be descr ibed i n  terms of ^x 
and 9 as: 
10 
Y I 
O 
Figure 2.3.1. Representation O f  a Perfect P las t ic  Wheel Rolling Over a Step 
A 
Y 
i A I 
TI C N T 7A . .  I -  
A 
X 
Figure 2.3.2. The Center o f  Curvature C a t  a Typical Doint D o f  the Envelope 
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j ( c o s 0  - t a n 4  s i n o )  - :(sin0 + t a n 4  cose) 
+ r t ( x o  - r ) t a n $  = 0 = F ( ? ,  3, e )  (2.3.4) 
Equat ion  (2.3.41, l i k e  equat ion  (2.2.3) can be considered as 
d e s c r i b i n g  a f a m i l y  o f  l i n e s  r e l a t i v e  t o  X-Y  system w i t h  8 be ing  t h e  para-  
meter. Hence, by d i f f e r e n t i a t i n g  equat ion  (2.3.4) w i t h  respec t  t o  e, we 
have: 
2F 
;,o = o = j.(sino + tan4 coso) 
+ i ( c o s 0  - t a n 4  s i n e )  + r t a n 4  (2.3.5) 
By s o l v i n g  equations (2.3.4) and (2.3.5) f o r  and j ,  we ob ta in :  
A 
x = r s i n e  + ( x o  - r e ) s i n +  cos@(s ine  + t a n @  cose) 
j = -rcose - ( x o  - r e ) s i n g  C O S + ( C O S O  - tan4 s i n e )  (2.3.6) 
Equat ions (2.3.6) a re  a p a i r  o f  paramet r ic  equat ions  r e p r e s e n t i n g  t h e  
envelope o f  L r e l a t i v e  t o  W .  Therefore,  equat ions  (2.3.6) desc r ibe  t h e  
t o o t h  p r o f i l e  impression c rea ted  by t h e  c u t t e r  step. 
L e t  P be a t y p i c a l  p o i n t  of t h e  envelope E (See F i g u r e  2.3.2.). The 
r a d i u s  o f  curva ture  P o f  E a t  P may be expressed as C4, 51. 
(2.3.7) 
where t h e  subsc r ip t  o i n d i c a t e s  p a r t i a l  d i f f e r e n t i a t i o n  w i t h  respec t  t o  A .  
By s u b s t i t u t i n g  from equat ions ( 2 . 3 . 6 )  i n t o  (2.3.7), p takes  t h e  r e l a t i v e l y  
(2.3.8) 
s imp le  form: 
t’ [rcos+ + ( xo  - r o ) s i n a ]  
12 
. 
The center  o f  c u r v a t u r e  C of E a t  P i s  l o c a t e d  on a l i n e  perpend icu la r  
t o  E a t  a d i s t a n c e  p f rom E. Hence, C may be l o c a t e d  r e l a t i v e  t o  the  wheel 
c e n t e r  6 by t h e  v e c t o r  p + pbl, where p l o c a t e s  P r e l a t i v e  t o  0 and N i s  a 
u n i t  v e c t o r  perpend icu la r  t o  E as shown i n  F i g u r e  3.3.2. 
u n i t  v e c t o r  T 5 tangent  t o  E a t  P may be expressed as C51: 
-., 
R e c a l l  t h a t  a 
Hence, ,N may be w r i t t e n  as: 
(2.3.9) 
L e t  pc be t h e  vec tor  f rom 6 t o  C. Then, us ing  equat ion  (2.3.71, pc 
may be w r i t t e n  as: 
where (xc,  ,vc)are t h e  coord inates of C r e l a t i v e  t o  t h e  X-Y  system, f i x e d  i n  
W .  By s u b s t i t u t i n g  f rom equat ions (2.3.6) and by per fo rming  t h e  i n d i c a t e d  
d i f f e r e n t i a t i o n s ,  i t  i s  seen t h a t  t h e  r a t i o  (^ x, + ~ o ) / ( i o ~ O o  - ioio,) i s  
u n i t y  and t h a t  ic and ic are: 
and 
A 
yc = j /  + = - r ( s i n o  + tang cose)s in$ cosg (2.3.12) 
The locus  o f  t h e  centers  o f  c u r v a t u r e  can be seen t o  be a c i r c l e .  
That  i s ,  f rom equat ions (3.3.121, we f i n d  t h a t  
13 
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A2 -2 x c  + yc = r 2 s i n * +  (2.3.13) 
By r e c a l l i n g  t h e  c o n s t r u c t i o n  o f  an i n v o l u t e  as t h e  l ocus  of t h e  end 
p o i n t s  o f  an unwrapping cord  around a c i r c l e ,  we see t h a t  t h e  co rd  i s  per -  
pend icu la r  t o  the  i n v o l u t e  and i t s  unwrapped l e n g t h  i s  t h e  r a d i u s  o f  cu r -  
v a t u r e  o f  t h e  invo lu te .  Hence, t h e  cen te rs  o f  c u r v a t u r e  of t h e  envelope 
are  l o c a t e d  on the genera t i ng  c i r c l e ,  a l s o  c a l l e d  t h e  "evolute. "  
Therefore, t h e  envelope E o f  t h e  s tep  o f  F i g u r e  2.3.1 i s  t h e  i n v o l u t e  o f  
t h e  c i r c l e  o f  equation (2.3.6). 
R e c a l l  t h a t  f o r  a spur gear t h e  c i r c l e  genera t ing  t h e  i n v o l u t e  t o o t h  
p r o f i l e  i s  c a l l e d  t h e  base c i r c l e .  R e c a l l  a l s o  t h a t  i f  meshing spur gears 
a r e  viewed as r o l l i n g  c y l i n d e r s ,  t h e  c y l i n d e r  c ross  s e c t i o n s  de f i ne  t h e  
p i t c h  c i r c l e s .  Then, i f  t h e  pressure  angle i s  de f i ned  as t h e  angle between 
t h e  r a d i a l  l i n e  and t h e  
seen C61 t h a t  t he  r a t i o  
C O G  
RB 
RP 
- =  
t o o t h  p r o f i l e  a t  t h e  p i t c h  c i r c l e ,  i t  i s  r e a d i l y  
o f  t h e  r a d i i  o f  t h e  base 
I n  t h e  above ana lys is ,  t h e  wheel p r o f i l e  i s  
p ressure  ang le  i s  t h e  compliment o f  4 ,  ( t h a t  i s ,  
genera t i ng  c i r c l e  i s  t h e  l ocus  o f  t h e  cen te rs  o f  
and p i t c h  c i r c l e  i s  
(2.3.14 1 
t h e  p i t c h  c i r c l e ,  t h e  
cos$ = s in$ ) ,  and t h e  
c u r v a t u r e  o f  t h e  i n v o l  Ute 
( t h e  evo lu te ) .  Then, f rom equat ion  (2.3.131, t h e  base c i r c l e  r a d i u s  if 
r s i n $ ( = r c o s $ )  where r i s  t h e  p i t c h  c i r c l e  r a d i u s .  Therefore,  t h e  r a t i o  of 
t h e  r a d i i  o f  t h e  base and p i t c h  c i r c l e s  i s  s imp ly  s in$,  o r  cos$--a r e s u l t  
c o n s i s t e n t  w i t h  equat ion (2.3.14). 
To demonstrate these r e s u l t s ,  t h e  l i n e  segments genera t i ng  t h e  enve- 
l o p e  were p l o t t e d  f o r  r = 1, 4 = 70°, xo = 0.70021, and 0 5 e 5 720. 
1 4  
. 
c 
F i g u r e  2.3.3 shows t h e  r e s u l t s  f o r  9.6 deg. increments i n  0 .  F i g u r e  2.3.4 
shows a computer drawn graph of equat ion (2.3.6). 
i n  F i g u r e  2.3.3 i s  thus  seen t o  be t h e  same as t h e  " a n a l y t i c a l "  envelope o f  
F i g u r e  2.3.4. 
c i r c l e ,  t h e  p i t c h  c i r c l e ,  and an i n v o l u t e  curve fo rming  a p o r t i o n  o f  a 
t o o t h  p r o f i l e .  
The " n a t u r a l "  envelope 
F i g u r e  2.3.5 shows a computer generated drawing o f  t h e  base 
These r e s u l t s  may be summarized as fo l lows:  
1. The envelope o f  an i n c l i n e d  l i n e  on a r o l l i n g  wheel i s  an i n v o l u t e .  
2. The e v o l u t e  of an envelope i s  a c i r c l e .  
3. 
4. The e v o l u t e  i s  the  base c i r c l e .  
5. I n c l i n a t i o n  angle i s  t h e  pressure  angle. 
The r o l l i n g  wheel i s  t h e  p i t c h  c i r c l e  of a spur gear. 
A major a p p l i c a t i o n  o f  t h i s  procedure i s  w i t h  t h e  computer a ided 
des ign and a n a l y s i s  o f  nonstandard t o o t h  p r o f i l e s .  For example, suppose 
t h a t  t h e  c u t t e r  p r o f i l e  i s  n o t  s t r a i g h t ,  b u t  i n s t e a d  has a p r o f i l e  d e f i n e d  
by t h e  express ion y = f ( x )  ( ins tead of y = ( x  - xo>  t a n 4  as equat ion 
(2.3.3)).  Then, i n  terms o f  t h e  X - Y  c o o r d i n a t e  system o f  the  gear b lank,  
t h e  r e s u l t i n g  t o o t h  p r o f i l e  i s  determined f rom t h e  expressions: 
r - x s i n o  + ycose - f = 0 (2.3.15) 
and 
-xcosB - y s i n o  - ( r  - x s i n o  + y c o s e ) f @  = 0 (2.3.16) 
where from equat ion  (2.3.5) t h e  argument of f i s  (r + xcose + y s i n e )  and 
where f '  i s  t h e  d e r i v a t i v e  o f  f w i t h  r e s p e c t  t o  i t s  argument. When 
equat ions  (2.3.15) and (2.3.16) are so lved f o r  x and y i n  terms o f  8 ,  t h e y  
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Figure  2.3.3. Computer Drawn C u t t i n g  Lines a t  9.6' I n t e r v a l s  f o r  
4 = 70 , r = 1, x = 0.70021, and 0 2 e i; 720. 
0 
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envelope 
Figure  2.3.4. Graph o f  Equat ion 3.3.6. 
1 7  
Pitch 
Involute (envelope) 
Tooth Profile L\ 1 
Circle I 
Base circle (evolute) 
Figure 2.3.5. Computer Drawing o f  Base Circle,  Pitch Circle, and Involute 
form a p a i r  of parametric equations for the envelope of the cutter prof i le ,  
which i s  the tooth profile.  T h e  following section contains an example of a 
nonstandard t o o t h  profile generated by th i s  procedure. 
A second major application of the procedure i s  with the design and 
analysis of bevel, spiral  bevel, and hypoid gears. In  t h i s  case, the pro- 
cedures are generalized t o  three dimensions, and the cut ter  surface creates 
a family of surfaces whose envelope i n  the gear blank i s  the t o o t h  surface. 
When these procedures are developed numerically, the result ing represen- 
t a t i o n  of the tooth surface appears i n  a form suitable f o r  kinematic, 
s t r e s s ,  and l i f e  analysis. In Chapter 3 these ideas are discussed by exa- 
mining the envelope of a conical cutter surface onto  a mating roll ing cone. 
2.4 Circular Arc As A Basic Rack 
As noted i n  Section 2.3, a non-straight basic-rack prof i le  can be used 
t o  form a nonstandard gear t o o t h  profile.  This i s  demonstrated i n  Figure 
2.4.1 where an arc of a c i rc le  is  used as  a cut ter .  I n  the figure,  the 
coordiante axes X and Y are f i x e d ,  B i s  the distance along the X axis, and 
D i s  the distance along the Y axis t o  the c i rc le  center. The plast ic  wheel 
W has a radius r ,  center 6, and rol l  angle 0 .  
fixed i n  W .  
of X - Y  coordinates. 
2 and f are coordinate axes 
The in i t i a l  position o f  W is a t  a distance xo from the origin 
Let ( x ,  y )  and ( i ,  i) be coordinates of a typical point P on C ,  r e la -  
Then i t  i s  seen t h a t  i and $ are related t i v e  t o  the x - Y  and i-? systems. 
t o  x and y by the expressions: 
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A 
Y 
I t  
Figure 2.4.1.  Ci rcu lar  Arc a s  a Basic Rack 
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, 
X 
and 
A p o i n t  P ( x ,  y) on t h e  a r c  C may be l o c a t e d  from t h e  expession: 
x = B - J A 2  - ( D  + y12 
(2.4.1) 
(2.4.2) 
where A i s  t h e  r a d i u s  o f  t h e  c i r c l e .  
By d i f f e r e n t i a t i n g  equat ion (2.4.2) w i t h  r e s p e c t  t o  yy  we obta in :  
(2.4.3) 
Using equat ions (2.4.2) and (2.4.31, C may be expressed i n  terms of x" 
and as: 
( r 0  - x - B )  + cos0 + s ine  + 
0 
(2.4.4) 
J A ~  - (D t r - i s i n 0  + cose l2  = o = ~ ( 2 ,  iy e )  
Equat ion  (2.3.41, l i k e  equat ion (3.2.3) can be considered as 
d e s c r i b i n g  a f a m i l y  o f  l i n e s  r e l a t v e  t o  t h e  X-Y system w i t h e  being t h e  
parameter. Hence, by d i f f e r e n t i a t i n g  equat ion (2.4.4) w i t h  r e s p e c t  t o  e ,  
we have: 
(D + r - x s i n  + y cos ) ( x  cos + y s i n  ) -  + - 0  (2.4.5) 
I A 2 - ( D + r -  ii s ino  + cose)2 
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Equat ions (2.4.4) and (2.4.5) f o rm a simultaneous system of non l i nea r  
equat ions  represent ing  t h e  envelope o f  t h e  c u t t e r  r e l a t i v e  t o  t h e  gear 
blank. The s o l u t i o n  descr ibes  t h e  t o o t h  p r o f i l e  impress ion  c rea ted  by t h e  
c u t t e r .  
To i l l u s t r a t e  t h e  use o f  equat ion  (3.4.51, t h e  envelope of t h e  c i r -  
c u l a r  s tep  on the r o l l e r  was p l o t t e d  f o r  xo = 7.131 i n ,  A = 5. i n ,  D = 
2.1131 i n ,  and r = 20. i n .  F i g u r e  2.4.2 shows t h e  r e s u l t s .  The o the r  
curve shown i n  the f i g u r e  was p l o t t e d  us ing  Buckingham's equat ion  C71. The 
o the r  curve shown i n  t h e  f i g u r e  was p l o t t e d  us ing  Buckingham's equat ion  
C71. The two curves a r e  i d e n t i c a l  i f  they  a re  superimposed. The c i r c u l a r  
a r c  shown i n  the  f i g u r e  rep resen ts  t h e  r o l l e r .  
2.5 Tooth P r o f i l e  Generated bv a S t r a i a h t  C u t t e r  on t h e  Wheel 
Another procedure f o r  genera t i ng  i n v o l u t e  gears i s  t o  use a p i n i o n -  
shaped c u t t e r  i n  a shaping o r  p l a n i n g  machine. Both t h e  c u t t e r  and gear 
b lank are  revo lved as gears between each s t r o k e  of t h e  machine. T h i s  
method i s  e x t e n s i v e l y  used i n  t h e  automot ive i n d u s t r i e s  f o r  f i n i s h i n g  gears 
which have been roughed ou t  on a gear m i l l i n g  or hobbing machine C23. T h i s  
a t i o n  o f  t h i s  shaping process. s e c t i o n  descr ibes t h e  simu 
Consider F igure  2.5.1 
t h e  c u t t e r .  L i s  i n c l i n e d  
on t h e  wheel i s  l oca ted  by 
L e t  L be a l i n e  segment s tep  s i d e  t o  s i m u l a t e  
a t  an angle 41 t o  t h e  r a d i a l  l i n e  OE, and p o i n t  E 
an angle u. The wheel W has a r a d i u s  R, cen te r  
0, and i s  f i xed .  X and Y a re  coo rd ina te  axes f i x e d  i n  W w i t h  o r i q i n  a t  0. 
The r o l l e r  G has a r a d i u s  r, center  6 ,  and r o l l  ang le  G. 
d i n a t e  axes f i xed  i n  G w i t h  o r i g i n  a t  6. 
t h e  envelope o f  L i n  t h e  i-v system. 
i and ? a re  coor-  
The o b j e c t i v e  i s  then t o  express 
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Figure 2.4.2. Nonstandard Gear Tooth P r o f i l e  
2 3  
0 
Figure 2.5.1. Roller Rolling Over a Straight Line on a Wheel 
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. 
The r o l l e r  r o l l s  on t h e  wheel w i t h o u t  s l i p p i n g .  When t h e  r o l l e r  r o l l s  
and f rom p o s i t i o n  A t o  p o s i t i o n  B, it r o t a t e s  th rough t h e  angle g. 
a r e  then r e l a t e d  by the  expression: 
Angle 
(2.5.1) R e  = r6 
L e t  ( x ,  y) and ( i ,  8 )  be coordinates o f  a t y p i c a l  p o i n t  P on L ,  r e l a t i v e  t o  
t h e  X - Y  and i - f  systems. Then i t  i s  shown t h a t  
and y by t h e  expressions: 
and $ a re  r e l a t e d  t o  x 
x = ( R  t r ) s i n o  + i c o s ( 0  + 6 )  + j?sin(O + 6) 
and 
y = ( R  + r ) c o s o  - i s i n ( o  + 8) + j k o s ( e  + 6 )  (2.5.2) 
The equat ion  o f  L i s :  
t a n ( a - $ ) ( x  - Rcosa) = ( y  - Rs ina)  (2.5.3) 
Where t a n ( a  - $1 i s  t h e  slope of L. (Rcosa, Rs ina)  a r e  t h e  coor-  
d i n a t e s  o f  E ,  t h e  p o i n t  o f  i n t e r s e c t i o n  o f  L and t h e  wheel. 
Using equat ions (2.5.1) and (2.5.21, L may be expressed i n  terms o f  
+ t a n ( a  - + ) C ( R  t r ) s i n ( o )  - Rcosal 
- (R + r ) c o s ( e )  t Rsina  = 0 (2.5.4) 
By s u b s t i t u t i n g  (2.5.1) i n t o  (2.5.41, we have: 
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Equat ion  (2.5.5) may be considered as a one-parameter f a m i l y  l i n e s  and $ 
i s  t he  parameter. 
We have: 
By d i f f e r e n t i a t i n g  equat ion  (2.5.50 w i t h  respec t  t o  G. 
J f ( i ,  i, 6 )  = 
24 
- f ir tan(a - + ) s i n ( R f ) 6  + cos(- + )$I  R R 
S o l v i n g  equations (2.5.5) and (2.5.6) f o r  and 3, we ob ta in :  
R + r  )$I 2Crsin; t Rcos(T)f i  r a  s i n ( T  R + r ) ; ,  - Rsina s i n ( -  R 
(2.5.7) 
+ C O S ( a  - $ 1  
and 
R + r  )GI r R + r A  = s in2(a - @) [ - r cos6  - R s i n ( F ) 6  s i n ( 7 ) e  + Rcosa s i n ( 7  
R + 2 r  R + r  
+ Rsin(a - $ ) c o s ( a  - $ ) { s i n (  R ) e ^  - cosca - (,-)W 
R + r  6 R + r  + cos(a - +)2Crcos6 - R c o s ( i ) G  c o s ( 7 ) O  + Rsina c o s ( 7 ) e I  
Equat ions (2.5.7) are  a p a i r  of paramet r ic  equat ions  w i t h  6 being t h e  para- 
meter rep resen t ing  t h e  envelope of L r e l a t i v e  t o  G. As descr ibed i n  
e^ 
Figure 2.5.2. Tooth Profile of Equation (2 .5 .7 )  (R=10, r=2) 
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Roller G 
Figure 2.5.3. Tooth Profile of Equation (2.5.7) (R=10, r=10) 
28 
8 
S e c t i o n  3.3, equat ions  (2.5.7) descr ibe  t h e  t o o t h  p r o f i l e  impress ion  by t h e  
c u t t e r  s tep.  
To i l l u s t r a t e  t h e  use o f  equat ion (3.5.71, t h e  envelope o f  t h e  
s t r a i g h t  s t e p  on t h e  r o l l e r  was p l o t t e d  f o r  + = 20'. 
t h e  r e s u l t s  f o r  R = lo., r = 2., and -25. 5 95.. The c i r c l e  shown i n  
t h e  f i g u r e  rep resen ts  t h e  r o l l e r .  
10, r = 10, and -45. 5 5 65. There i s  a cusp shown i n s i d e  t h e  r o l l e r .  
However, o n l y  one branch o f  t h e  envelope i s  used as t h e  gear t o o t h .  
F i g u r e  2.5.2 shows 
F i g u r e  2.5.3 shows t h e  envelope f o r  R = 
2.6 Rec ip roca l  Conjugate Gear Tooth and C u t t e r  P r o f i l e  
I n  t h e  p r e v i o u s  sec t i ons ,  we d iscussed t h e  a n a l y t i c  exp ress ion  o f  t h e  
gear t o o t h  p r o f i l e  formed by a given c u t t e r  form. 
t o  develop an express ion  f o r  t h e  c u t t e r  p r o f i l e  i t s e l f  f o r  a d e s i r e d  t o o t h  
form. T h i s  i s  t h e  " i n v e r s e  problem". 
It i s  a l s o  o f  i n t e r e s t  
Consider aga in  a wheel r o l l i n g  over a s t e p  as shown i n  F i g u r e  2.3.1. 
Assume t h e  c u t t e r  p r o f i l e  i s  of  the form 
y = f ( x )  (2.6.1) 
S u b s t i t u t i n g  equat ions  (2.3.1) and (2.3.2) i n t o  (2.6.11, we have: 
r - i s i n e  + j c o s e  - f ( r e  + L o s e  + $ s i n e >  
= F ( i ,  j ,  e )  = 0 (2.6.2) 
aF - a e  = i c o s e  - i s i n s  - (r - i s i n e  + j c o s e ) f l  = o (2.6.3) 
If t h e  c u t t e r ' s  form i s  known, then  by s o l v i n g  equat ions  (2.6.2) and 
(2.6.3) s imu l taneous ly  f o r  and as f u n c t i o n  o f  8 we o b t a i n  t h e  para-  
m e t r i c  equa t ion  o f  t h e  envelope as: 
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(2.6.4) 
I f  t h e  c u t t e r ' s  form i s  unknown, then equat ions (2.6.2) and (2.6.3) l e a d  
t o :  
df - i cose  - Es ine  
dx r - Xsine + j j coso (2.6.5) 
Suppose the g i v e n  envelope i s  i n  paramet r ic  form as i n  equat ion  
(2.6.4). Then s u b s t i t u t i n g  i n t o  equat ion  (3.6.5) leads t o  t h e  c u t t e r ' s  
p r o f  i 1 e. 
I f  t h e  given envelope p r o f i l e  i s  i n  t h e  f o r m  o f  
then s u b s t i t u t i n g  equat ions (2.3.11, (2.3.2) and (2.6.51, leads t o :  
(2.6.9) 
S o l v i n g  equat ions (2.6.7) and (2.5.8), we can o b t a i n  t h e  s o l u t i o n  f o r  
^x and 0 i n  terms o f  x and f ( x ) .  
equat ion  (2.6.9) produces t h e  d i f f e r e n t i a l  equat ion  f o r  f ( x ) .  
Then s u b s t i t u t i n g  t h e  r e s u l t s  i n t o  
To i l l u s t r a t e  t h i s  procedure, cons ider  equat ion  (2.3.6) i n  s e c t i o n  2.3 
The t o o t h  p r o f i l e  i s  which i s  t h e  i n v o l u t e  p r o f i l e  o f  t h e  s t r a i g h t  c u t t e r .  
i n  t h e  parametr ic  form. Therefore,  by s u b s t i t u t i n g  equat ion  (2.3.6) i n t o  
( 2.6.5 1, we have: 
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d f  dx = t a n 4  (2.6.10) 
I n t e g r a t i n g  equat ion  (2.6.10), i t  i s  c l e a r  t h a t  y = f ( x )  i s  a s t r a i g h t  l i n e  
as: 
f ( x )  = x t a n 4  + constant 
T h i s  i s  t h e  c u t t e r  p r o f i l e  as descr ibed i n  equat ion  ( 2 . 3 . 3 ) .  
(2.6.11) 
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Chapter 3 
Bevel Gear Tooth Sur face Generat ion 
3.1 I n t r o d u c t i o n  
Recent ly,  there  has been increased i n t e r e s t  i n  t h e  k inemat ics,  s t r e s s  
ana lys is ,  dynamic loading, noise,  v i b r a t i o n ,  wear and l i f e  o f  bevel  gears--  
e s p e c i a l l y  s p i r a l  bevel gears. Th is  i n t e r e s t  has been s t i m u l a t e d  by a 
d e s i r e  t o  improve opera t ing  and maintenance procedures i n  h i g h  performance 
t ransmiss ion  o f  h e l i c o p t e r s  and o ther  a i r c r a f t .  
Bevel gears are c o n i c a l  gears, hav ing p i t c h  sur faces  i n  t h e  shape o f  
cones. They a r e  used t o  connect s h a f t s  having i n t e r s e c t i n g  axes. Wi th  few 
except ions,  most bevel gears may be c l a s s i f i e d  as b e i n g  e i t h e r  o f  t h e  
s t r a i g h t  t o o t h  type o r  o f  t h e  curved t o o t h  type. 
a r e  c a l l e d  s t r a i g h t  bevel gears. The curved t o o t h  gears i n c l u d e s  s p i r a l  
bevel ,  Zero1 bevel ,  and hypoid gears. Hypoid gears a r e  s i m i l a r  i n  genera l  
form t o  bevel  gears, b u t  operate on axes t h a t  a r e  o f f s e t .  
The s t r a i g h t  t o o t h  gears 
S p i r a l  Bevel gears used i n  p r a c t i c e  are  n o r m a l l y  generated w i t h  
approx imate ly  conjugate t o o t h  sur faces by us ing  s p e c i a l  machine and t o o l  
s e t t i n g s .  Therefore, a des igner  cannot s o l v e  t h e  H e r t z  c o n t a c t  s t r e s s  
problem and d e f i n e  t h e  dynamic c a p a c i t y  and c o n t a c t  f a t i g u e  l i f e  u n t i l  these 
s e t t i n g s  are  computed. The geometry of t h e  gear t o o t h  sur face i s  v e r y  
compl icated. Fo r  example, cons ider  t h e  space w i d t h  t a p e r  and t h e  s l o t  w i d t h  
t a p e r .  The space width taper  r e f e r s  t o  t h e  change i n  t h e  t o o t h  space w i d t h  
a long t h e  t o o t h  length  i n  t h e  p i t c h  plane. S l o t  w i d t h  t a p e r  r e f e r s  t o  t h e  
3 2  
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change i n  the s lo t  w i d t h  formed by a V-shaped cutting tool of nominal 
pressure angle whose sides are tangent t o  the two sides of the tooth space. 
The top of the tool i s  tangent t o t h e  root cone along the tooth l e n g t h  i n  
the root plane. The s lo t  w i d t h  taper is  affected by the s ize  of the face 
mi l l  cutter point w i d t h .  The productivity of the spiral  bevel gear i s  
s ignif icant ly  affected by the s i z e  of the cutter p o i n t  w id th  used t o  pro- 
duce i t .  Experience has shown t h a t  a larger p o i n t  w i d t h  blade wil l  have 
longer l i f e  t h a n  the smaller one [81. 
The determination of the principal curvatures and the principal direc- 
t ions of t o o t h  surfaces necessary for calculating the Hertz contact s t ress  
i s  also a d i f f i cu l t  problem. I t  is believed t h a t  a quantitative under- 
standing of the geometrical characterist ics i s  fundamental t o  analyses of 
the above mentioned physical phenomena of these gears. 
The geometrical characterist ics and parameters of spiral  bevel gears 
have been documented for some items by the American Gear Manufacturer's 
Association and others C9-113. 
recent approaches taken to  develop a broader understanding of the geometri- 
cal characterist ics of these gears. For example, Dyson C121 used differen- 
t i a l  geometry to  develop the theory of gearing. 
development of the s p i r a l  bevel gear. Bonsignore C81 studied the effect  of 
cut ter  diameter on the spiral  bevel gear tooth proportions. Krenzer C14] 
studied the effect  of the cutter radius on the t o o t h  contact behavior. 
L i t v i n ,  e t .  a l . ,  [15-221 completed works dealing w i t h  the theory o f  s p i r a l  
bevel gears. 
spiral  bevel gears. Baxter C23-251 developed second order surface genera- 
References C12-373 present examples of 
Coy [131 described the 
Baxter 123-251 completed works dealing w i t h  the theory of 
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t i o n  and discussed t h e  e f f e c t  o f  misal ignment.  
l a t t i c e  c o n t a c t  w i th  t h e  generated t o o t h  surface. 
s t u d i e d  t h e  sur face p r i n c i p a l  r a d i i  o f  c u r v a t u r e  o f  t h e  s p i r a l  bevel  t o o t h  
sur face.  Suzuki, Kondo, and Ueno E311 i n v e s t i g a t e d  c u t t i n g  c o n d i t i o n  f o r  
improv ing t h e  c u t t i n g  e f f i c i e n c y  and t h e  roughness of t h e  s p i r a l  bevel  
t o o t h  sur face.  
t h e  c i r c u l a r  c u t  s p i r a l  bevel  gear. They presented t h e  a n a l y s i s  o f  t o o t h  
p r o f i l e  changes i n  t h e  t r a n s v e r s e  p lane o f  c i r c u l a r  cut ,  s p i r a l  bevel  crown 
gears C291. They a l s o  s t u d i e d  t h e  fundamental s u r f a c e  c h a r a c t e r i s t i c s  o f  
s p i r a l  bevel gears [301. Schul tes,  e t .  a l . ,  C321 presented t h e  CAD/CAM 
techniques f o r  s p i r a l  bevel  gears. They a l s o  s t u d i e d  t h e  CAD/CAM technique 
on f o r g i n g  process [331. 
s p i r a l  bevel gears. Uegami, and Tamamura C351 s t u d i e d  t h e  c u t t e r  p r o f i l e .  
C l o u t i e r ,  and Gossel in C361 modeled t h e  k inemat ics  e r r o r  e f f e c t  o f  a gear 
p a i r .  F i n a l l y ,  Winter and Paul C371 measured t h e  t o o t h  r o o t  s t r e s s  of 
s p i r a l  bevel gears. 
Baxter  C261 s t u d i e d  t h e  
Huston and Coy [271 
Huston and Coy [281 analyzed t h e  s u r f a c e  c h a r a c t e r i s t i c s  of 
F o r t  C341 developed t h e  i n s p e c t i o n  system f o r  
3.2 Basic  Theory 
The p i t c h  element i s  t h e  p i t c h  cone which r o  1s w i t h o u t  s l i p p i n g  a t  
t h e  s p e c i f i e d  v e l o c i t y  r a t i o .  The p i t c h  element s t h e  instantaneous a x i s  
o f  r e l a t i v e  mot ion o f  e i t h e r  gear w i t h  respec t  t o  t h e  o ther .  The two axes 
and instantaneous a x i s  a l l  l i e  i n  t h e  a x i a l  p lane and i n t e r s e c t  a t  t h e  apex. 
The base diameters o f  t h e  p i t c h  cone v a r y  depending upon t h e  gear r a t i o  and 
t h e  angle between t h e  gear cone axes and t h e  s h a f t  angle. 
i s  t h e  angle between t h e  a x i s  and t h e  p i t c h  element. 
The p i t c h  angle 
F i g u r e  3.2.1 i l l u s t r a t e s  the p r i n c i p a l  re fe rence planes. The a x i a l  
p lane con ta ins  the  i n t e r s e c t i n g  axes. 
t h e  a x i a l  p lane and tangent t o  the p i t c h  cones. 
a x i a l  p lane i n t e r s e c t  i n  t h e  common p i t c h  element. The t ransve rse  p lane i s  
pe rpend icu la r  t o  t h e  a x i a l  p lane and t h e  p i t c h  plane. 
The p i t c h  p lane i s  pe rpend icu la r  t o  
The p i t c h  p lane and the  
F i g u r e  3.2.2 i l l u s t r a t e s  gear axes x i  and x2 i n t e r s e c t i n g  a t  t h e  apex 
fo rm ing  t h e  s h a f t  angle C. 
p i t c h  angles i s  t h e  sha f t  angle. 
The p i t c h  angles a re  ~1 and ~ 2 .  The sum of t h e  
The crown gear a x i s  xc l i e s  i n  t h e  a x i a l  plane, and i s  pe rpend icu la r  
t o  t h e  p i t c h  element. 
ment f rom t h e  apex i s  t h e  p i t c h  p o i n t  P. 
t o  t h e  axes a re  t h e  p i t c h  r a d i i  R 1  and R2. 
t i o n a l  t o  t h e  s ines  o f  t h e  p i t c h  angles, and t h e i r  r a t i o  i s  t h e  v e l o c i t y  
r a t i o .  
A t  a s p e c i f i e d  cone d i s tance  A along t h e  p i t c h  e l e -  
The d i s t a n c e  from t h e  p i t c h  p o i n t  
The p i t c h  r a d i i  a re  p ropor -  
Formulas r e l a t i n g  these q u a n t i t i e s  and t h e  t o o t h  numbers a r e  l i s t e d  i n  
Tab le  3.1. 
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3.3 Bevel Gear Manufac tur inq  
3.3.1 Bevel Gear Generat ion and Nongeneration 
Two types  o f  machines using t h e  f a c e - m i l l  t y p e  o f  c u t t e r  w i t h  m u l t i p l e  
b lades  a r e  i n  general use: genera t ing  and nongenerating. The nonge- 
n e r a t i n g  t ype  i s  used f o r  f l a t  gears. 
s a l ,  and can c u t  gears w i t h  p i t c h  d iameters up t o  33 inches.  
d i f f e r e n c e  between t o o t h  p r o f i l e  by  genera t i on  and nongenerat ion i s  
i l l u s t r a t e d  i n  F i g u r e  3.3.1 C381. 
con tac ts  t h e  t o o t h  p r o f i l e  a t  on ly  one p o i n t  a t  a t ime.  I n  t h e  non- 
genera t i on  process t h e  c u t t e r  makes con tac t  over t h e  e n t i r e  p r o f i l e .  
The gear  member o f  a bevel  gear p a i r  has r e l a t i v e l y  l i t t l e  p r o f i l e  
c u r v a t u r e  when t h e  t o o t h  r a t i o  i s  h igh.  I n  genera l ,  t h e  gear i s  made by a 
nongenerat ing r o l l .  
genera t ion ,  and t h e  t e e t h  have t h e  shape o f  t h e  c u t t e r  used t o  c u t  them. 
Any necessary compensation f o r  a smooth opera t i on  i s  g i ven  on t h e  t o o t h  
p r o f i l e  o f  t h e  mat ing  p in ion .  The p i n i o n  i s  c u t  by genera t ion .  
The genera t i ng  t ype  i s  more u n i v e r -  
The 
I n  t h e  genera t i on  opera t ion ,  t h e  c u t t e r  
The gear member o f  a nongenerat ing p a i r  i s  c u t  w i t h o u t  
The c h i e f  advantage o f  nongenerating gears over genera t i ng  gears i s  
t h e  economics o f  p roduc t ion .  
nongenerat ing p a i r  can be c u t  severa l  t imes f a s t e r  than a generated gear of  
t h e  same s p e c i f i c a t i o n s .  
same f o r  t he  p i n i o n  member regard less  o f  whether i t  i s  c u t  t o  operate w i t h  
a nongenerat ing o r  w i t h  a genera t ing  gear. 
i n c l u d e  He l ix fo rm,  Formate, Equicurve, and C o n i f l e x  gears which a re  t h e  
t r a d e  mark o f  Gleason Works, Rochester, NY. 
f a c e  m i l l  c u t t e r .  The nongenerating machines a re  r e l a t i v e l y  s imp le  com- 
Since no genera t i ng  mot ions a re  requ i red ,  a 
The c u t t i n g  t ime  and t h e  equipment used are  t h e  
The nongenerat ing gears, 
They are  c u t  w i t h  t h e  c o n i c a l  
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pared w i t h  genera t ing  machines. He l i x fo rm and Formate p a i r s  c o n s i s t  o f  a 
nongenerated gear produced by the named method, and a p i n i o n  w i t h  t e e t h  
generated t o  match. 
3.3.2 The Generat ing Process 
Generat ion can be c a l l e d  the bas i c  process i n  bevel gear manufacture, 
because a t  l e a s t  one member o f  every p a i r  must be generated. Th is  i s  
u s u a l l y  t h e  member having the lesser  number of t ee th ,  t h e  p i n i o n .  
t h e o r y  of genera t ion  i n v o l v e s  the f o l l o w i n g  concepts C381: 
1. An imaginary r i g i d  bevel gear c a l l e d  the  genera t i ng  gear. Th i s  may be 
The 
considered as a crown gear, a mat ing gear, o r  some o the r  bevel gear. 
A gear blank or workpiece upon which t e e t h  a r e  t o  be produced. 
The p o s i t i o n i n g  of a genera t ing  gear and t h e  workpiece so t h a t  t h e  
t e e t h  o f  t he  genera t ing  gear a re  i n  mesh w i t h  the  t e e t h  o f  t he  work- 
p iece.  
The t u r n i n g  o f  t h e  generat ing gear and workpiece on t h e i r  r e s p e c t i v e  
axes according t o  a p resc r ibed  mot ion.  
by the  imaginary n o n s l i p  r o l l i n g  of t h e  p i t c h  surfaces o f  t he  
genera t i ng  gear and workpiece. 
The envelopment o f  t e e t h  of t h e  workpiece by t h e  t e e t h  o f  t h e  
genera t i ng  gear. 
2. 
3 .  
4. 
The t u r n i n g  mot ion i s  de f i ned  
5. 
I n  the  genera t ing  process, t h e  t o o l  s imu la tes  one o r  more t e e t h  o f  an 
imag inary  genera t i ng  gear by v i r t u e  of i t s  shape and mot ions. 
genera t i ng  gear may be a bas i c  rack  ( o r  crown gear ) ,  o r  i t  may be the  
mat ing  gear i t s e l f .  I n  general,  i t  may be any gear known t o  be con jugate  t o  
t h e  gear t o  be produced. 
The 
The most impor tan t  requirement f o r  t h e  genera t i ng  
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gear i s  t h a t  i t  can be r e a d i l y  s imulated by a t o o l  w i t h  p r a c t i c a l  mechani- 
c a l  mot ions.  
t o  generate t h e  gear t o o t h  sur faces.  
e a s i e r  t o  produce and m a i n t a i n  than a p r o f i l e  fo rm t o o l .  
genera t ion  motion, t h e  same c u t t e r  can be used t o  generate p r o f i l e s  f o r  a l l  
t o o t h  numbers of t h e  same p i t c h .  The l i n e s  o f  c o n t a c t  between t h e  work- 
p i e c e  and t h e  t o o l  a r e  t h e  same as between t h e  workpiece and t h e  genera t ing  
gear. The sur face generated w i l l  be cont inuous. T h i s  t y p e  o f  genera t ion  
i s  found i n  hobbing, g r i n d i n g ,  and l a p p i n g  processes. 
Modern gear c u t t i n g  machines use s t r a i g h t - s i d e d  t o o t h  c u t t e r s  
The s t r a i g h t - s i d e d  t o o t h  t o o l  i s  
Fur ther ,  by t h e  
3.3.3 The Bas ic  Generator 
The produc t ion  o f  gear t e e t h  by t h e  genera t ing  process r e q u i r e s  t h e  
f o l l o w i n g  fea tures  (See C381): 
1. A t  l e a s t  one t o o t h  of t h e  genera t ing  gear must be descr ibed by t h e  
mot ion o f  the c u t t i n g  t o o l .  
The workpiece must be p o s i t i o n e d  r e l a t i v e  t o  t h e  c u t t i n g  t o o l  t o  p r o -  
duce meshing between t h e  t e e t h  o f  t h e  workpiece and t h e  t e e t h  o f  t h e  
genera t ing  gear, as they  are  represented by t h e  c u t t e r .  
2. 
3. The c u t t i n g  t o o l  must be c a r r i e d  on a r o t a t i n g  machine member c a l l e d  a 
"cradle. "  The a x i s  o f  t h e  c r a d l e  i s  i d e n t i c a l  w i t h  t h e  a x i s  of t h e  
genera t ing  gear. 
4 .  The c r a d l e  and workpiece r o t a t e  on t h e i r  own axes and they, r o l l  
toge ther  as a workpiece and imaginary genera t ing  gear. 
5. A means of indexing must be prov ided.  
Thus t h e  r o t a t i n g  c r a  6 l e  c a r r y i n g  a c u t t e r  r e p r e s e n t s  a genera t ing  
gear r o l l i n g  w i t h  t h e  workpiece. The mot ion o f  t h e  c u t t e r  s imu la tes  t h e  
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t e e t h  o f  t h e  genera t ing  gear. 
ax is ,  t e e t h  a re  "enveloped" on the r o t a t i n g  workpiece. 
imag inary  genera t ing  gear i s  t h e  key t o  understanding t h e  g e n e r a t i n g  pro-  
cess. 
a f a c e - m i l l  c u t t e r  on a Gleason hypoid-gear generator  C381. Fundamental 
des ign d i f fe rences  t h a t  e x i s t  among d i f f e r e n t  types o f  gear genera tors  have 
o r i g i n a t e d  because o f  d i f f e r e n t  concepts o f  t h e  imaginary genera t ing  gear. 
A s  t h e  c u t t e r  i s  c a r r i e d  about t h e  c r a d l e  
The concept o f  t h e  
F i g u r e  3.3.2 i l l u s t r a t e s  the r e p r e s e n t a t i o n  o f  a g e n e r a t i n g  gear by 
3.3.4 S p i r a l  Bevel Gear C u t t i n g  
F i g u r e  3.3.3 i l l u s t r a t e s  the c o n f i g u r a t i o n  o f  t h e  b a s i c  generator  o f  a 
s p i r a l  bevel  gear C381. The c rad le  c a r r i e s  t h e  c u t t e r ,  sweeping o u t  t h e  
t o o t h  sur face.  The gear t o  be cut i s  h e l d  by a r o t a t a b l e  s p i n d l e  which i s  
p a r t  o f  t h e  work head. 
o f  d i f f e r e n t  mounting d i s t a n c e  can be accommodated. The work head i s  sup- 
p o r t e d  by a swinging base which i s  r o t a t i o n a l l y  a d j u s t a b l e  about a v e r t i c a l  
a x i s .  The swinging f e a t u r e  o f  t h i s  base i s  r e q u r i e d  i n  o rder  t o  accom- 
modate gears o f  d i f f e r e n t  p i t c h  angle. 
s l i d i n g  base. 
p a r a l l e l  t o  t h e  c r a d l e  ax is .  Adjustment i s  made i n  t h e  p o s i t i o n  o f  t h e  
base t o  e s t a b l i s h  t h e  c o r r e c t  depthwise r e l a t i o n s h i p  between t h e  c u t t i n g  
t o o l  and t h e  workpiece. 
I t  can a l s o  be moved back f rom t h e  c u t t i n g  p o s i t i o n  t o  o b t a i n  
c learance f o r  mounting and dismount ing t h e  workpiece. The s l i d i n g  base i s  
suppor ted by t h e  main frame o f  the machine, which holds a housing sup- 
p o r t i n g  t h e  c r a d l e  member. F igure 3.3.4 i l l u s t r a t e s  t h e  s p i r a l  bevel  
p i n i o n  b e i n g  c u t  on genera t ing  type machine C391. 
The work head i s  a d j u s t a b l e  a x i a l l y  so t h a t  gears 
Beneath t h e  swinging base i s  t h e  
T h i s  member i s  movable and a d j u s t a b l e  i n  a d i r e c t i o n  
43 
L 
a, 
!- 
>I 
I 
m 
c> 
aJ 
L 
44 
k 
0 
4J 
. .  
a 
al u 
a 
k 
k 
4 
m 
m 
m 
al 
k 
3 
P 
r4 
.rl 
$ 5  
aD 
k 
0 
4J 
(d 
k 
a, c 
a, u 
c 
0 
c, 
3 u 
P c 
4 
a, m 
c 
0 
4 
c 
4 
04 
a, > 
a, m 
la 
k 
.d a 
m 
w 
m 
d 
d 
m 
a, 
k 
3 
P 
4 
!il 
46 
I -  
I -  
I .  
The sequence o f  t h e  opera t ion  o f  a t y p i c a l  bevel  gear generator  i s  as 
f o l l o w s  [38]: 
gagement wi th  t h e  c u t t e r ,  and the genera t ing  mot ion o f  t h e  c r a d l e  and work- 
p i e c e  begins (F ig .  3.3.5 A ,  6). A f t e r  t h e  opera t i on  i s  completed on a 
t o o t h  space, t h e  s l i d i n g  base i s  moved back (F ig .  3.3.5 C ) ,  and the  c r a d l e  
and work s p i n d l e  reve rse  t h e i r  r o t a t i o n .  The c r a d l e  r e t u r n s  t o  i t s  o r i g i -  
n a l  p o s i t i o n ,  bu t  t h e  work i s  indexed one t o o t h  du r ing  i t s  r e t u r n  r o l l .  
The s l i d i n g  base then moves forward fo r  t h e  s t a r t  o f  t h e  next  cyc le .  
The s l i d i n g  base moves fo rward  t o  b r i n g  t h e  work i n t o  en- 
3.4 S t r a i g h t  Bevel Gear Tooth Surface Generat ion 
The c u t t e r  used f o r  t h e  sur face genera t ion  o f  t h e  s t r a i g h t  bevel gear 
t o o t h  i s  c a l l e d  " t h e  p lane bas ic  crown rack." The p lane bas i c  crown rack  
i s  s imp ly  a p lane through t h e  machine center .  F i g u r e  3.4.1 d e p i c t s  t h e  
machining model o f  t h e  s t r a i g h t  bevel gear t o o t h  genera t ion .  The bas ic  
crown rack  R w i t h  t h e  s i d e  o f  an i n c l i n e d  p lane i s  modeled as a " rack  s tep"  
f i x e d  on an imaginary crown gear p i t c h  p lane C. The gear b lank G i s  a cone 
w i t h  t h e  v e r t e x  a t  t h e  machine center 0. The gear b lank r o l l s  on t h e  crown 
gear p i t c h  p lane C. 
p lane.  When t h e  gear b lank r o l l s  over t h e  crown rack  step, t h e  envelope o f  
t h e  bas i c  crown rack i s  t h e  too th  sur face of t h e  s t r a i g h t  bevel  gear. 
The crown gear p i t c h  p lane i s  an imag inary  f i x e d  
The coo rd ina te  system descr ib ing  t h e  crown gear i s  S ( X ,  Y, Z )  w i t h  
o r i g i n  a t  0. 
a l s o  w i t h  o r i g i n  a t  0. 
The p i t c h  angle o f  t he  gear blank i s  Y. 
b lank  i s  de f i ned  by t h e  angle aO which i s  t he  angle between t h e  x^ ax is ,  and 
The coord ina te  system s( i ,  0 ,  f )  i s  f i x e d  on t h e  gear b lank 
The gear b lank r o t a t e s  through an angle e about R. 
The i n i t i a l  p o s i t i o n  o f  t h e  gear 
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49 
t h e  
Dur 
def  
p r o j e c t i o n  
ng t h e  r o l  
ned by t h e  
t i o n  t h e  r e l a t  
o f  t h e  
ing  mot ion,  t he  angular p o s i t i o n  o f  t h e  gear b lank i s  
angle a. Hence, by cons ide r ing  t h e  geometry of t h e  r o t a -  
on between a and 0 i s :  
a x i s  on t h e  crown gear p i t c h  plane, denoted by i,,. 
a = a. - etany ( 3 . 4 . 1 )  
The coord inate system may be ob ta ined by coo rd ina te  t rans fo rma t ion  
from t h e  S as fo l lows:  
Step A x i s  of Ang 1 e 
1 Z a 
r o t a t i  on tu rned  
2 Y 1  -Y 
3 x2 8 
Then t h e  r o t a t i o n  ma t r i ces  are:  
s i n  a 
- s i n  a 
cos a 
0 
0 
1 
0 
0 
cos 0 
s i n  0 
- 
0 
0 
1 - 
Coord inate R o t a t i o n  
sys t em m a t r i x  
a t  X Y Z  i n i t i a l l y  R 1  
X l Y l Z l  R2 
A A *  
XY z R3 
( 3 . 4 . 2 )  
1 
- s i n  Y 
cos Y 
- s i n  0 
( 3 . 4 . 3 )  
( 3 . 4 . 4 )  
L e t  r be a p o s i t i o n  vec to r  l o c a t i n g  a p o i n t  r e l a t i v e  t o  S. L e t  t h e  
components o f  ,r i n  S have the  form: 
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. r =  .' 
(3.4.5) 
S i m i l a r l y ,  l e t  rg be a p o s i t i o n  v e c t o r  l o c a t i n g  a p o i n t  r e l a t i v e  t o  5 .  
L e t  t h e  components of cg i n  s have t h e  form: 
(3.4.6) 
Thus 
by express ion:  
and rp as g iven by equat ions (3.4.5) and (3.4.6), a r e  r e l a t e d  . 
(3.4.7) 
[ R ]  may be ob ta ined by u s i n g  equat ions (3.4.21, (3.4.3) and (3.4.4). L e t  
r i j  (i, j = 1, 3 )  be components. Hence, we have: 
r11 = c o s ~ c o s y  
r 1 2  = -cosasinys ine - sinacose 
r 1 3  = -cosasinycosO t s i n a s i n 0  
r 2 1  = s inacosy 
r 2 2  = - s i n a s i n y s i n o  + c o s ~ c o s ~  
r 2 3  = -s inas invcoso - cosasin0 
r 3 1  = s i n v  
r 3 2  = s inecosy 
r 3 3  = COSOCOSY (3.4.8) 
5 1  
3.4.1 Thc! Crown Rack . . ~  - -- 
The b a s i c  crown rack  l i e s  i n  a plane. It has a s t r a i g h t  b lade and 
moves i n  a r e c i p r o c a t i n g  r a d i a l  d i r e c t i o n .  
an i n c l i n e d  p lane and i t  passes through t h e  crown gear center .  F i g u r e  
3.4.2 shows t h e  normal v iew o f  t h e  rack  p r o f i l e .  F i g u r e  3.4.3 shows t h e  
c u t t e r  s u r f a c e  i n  t h e  p i t c h  plane. 
The s u r f a c e  of t h e  r a c k  forms 
The equat ion  o f  t h e  rack  surface may be expressed as: 
xtandj - y - z c o t $  = 0 (3.4.9) 
where JJ i s  t h e  angle between t h e  c u t t e r  p lane and t h e  XZ plane. + i s  
r e l a t e d  t o  t h e  " t o o t h  angle"  C41. Q, i s  t h e  complement of p ressure  angle of 
t h e  c u t t e r  as shown i n  F i g u r e  3.4.2. The c u t t e r ' s  s u r f a c e  may be expressed 
i n  terms o f  t h e  gear b l a n k ' s  system S by s u b s t i t u t i n g  f rom equat ions 
(4.4.7) and (4.4.8) i n t o  (4.4.9). T h i s  leads t o :  
A 
iC(tan+cosa - s ina)cosv  - c o t @ s i n v I  
-+ j [ s i n r s i n e ( s i n a  - tan$cosa) - c o s ~ ~ c o s a  + t a n + s i n a )  
- c o t ~ c o s ~ s i n n l  
-+ $Ls inycoso(s inu - tan$costr)-s ino(cosa + tan+s ina)  
- COtQCOSY cos0 3 
= 0 = F ( i ,  SI, 2 ,  e )  (3.4.10) 
To determine t h e  envelope o f  t h e  c u t t e r  s u r f a c e  on t h e  generated gear 
b lank,  we s imp ly  compute t h e  p a r t i a l  d e r i v a t i v e  i n  equat ion  (4.4.10) w i t h  
r e s p e c t  t o  the parameter o (See Appendix AZ.) .  T h i s  leads t o :  
0 XY Plane 
0 
Figure 3.4.2. Normal Plane 
Y 
Lc 
Figure 3 . 4 . 3 .  P i t c h  Plane 
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i C s i n $  ( tanQsina + cosa) ]  
+ X s i n e ( 1  - s i n y t a n y ) ( c o s a  + tanqJsina) 
+ cose(sinY - t a n y ) ( s i n u  - tanQcosa) - c o t ~ c o s ~ c o s ~ l  
+ 2 CcosO(1 - s i n y t a n y ) ( c o s a  + t a n Q s i n a )  
- s i n o ( s i n y  - tany)(s inct  - tanqJcosa) + c o t $ c o s ~ s i n ~ l  
= o  (3.4.11) 
acosa as ina 
Dur ing t h e  p a r t i a l  d i f f e r e n t i a t i o n  operat ion,  t h e  terms 7and ae 
a r e  ob ta ined by using equat ion  (3.4.1). 
3.4.2 S t r a i g h t  Bevel Tooth Surface Equat ion 
Equat ions (3.4.10) and (3.4.11) may be r e w r i t t e n  as: 
(3.4.12) 
(3.4.13) 
L e t  be an independent v a r i a b l e ,  then, f rom equat ions (3.4.12) and 
(3.4.13), and 2 may be determined i n  terms o f  i .  Hence, we have: 
* A  
x = x  
A alb2- a 2 b l  A 
Y " ,  X lb2 -  C 2 b l  
A a2c1- a1c2 A 
C l b 2 -  C 2 b l  
z =  X 
where t h e  c o e f f i c i e n t s  are:  
(3.4.14) 
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. 
a1 = (tanllrcosa - s i m ) c o s y  - co t4s iny  
b l  = s i n Y s i n e ( s i m  - t a n + c o w )  - cose(cosa + tan+s ina )  
- cot4cosysine 
c l  = s inycoso (s ina  - tanqxosa) - s ine (cosa  + t a n Q s i n a )  
- cot4cosYcoso 
a2 = s i n v ( t a n 4 s i n a  + cosC0 
b2 = s i n o ( 1  - s inv tany ) (cosa  + t a n Q s i n a )  
+ cose (s iny  - t a n v ) ( s i n a  - tan$cosa) - cot4cosycose 
c2 = cos ( 1  - s inv tany ) (cosa  + tanQs ina )  
- s i n o ( s i n v  - t a n v ) ( s i n a  - tan+cosa) + co t4cosys in6  (3.4.15) 
Equat ion  (3.4.141, w i t h  c o e f f i c i e n t s  g i ven  by equa t ion  (3.4.15), 
rep resen ts  t h e  envelope of t h e  r a c k  r e l a t i v e  t o  the  gear blank. 
t h e  t o o t h  surface of t h e  s t r a i g h t  bevel gear. 
f i c i e n t s  a re  f u n c t i o n  o f  6 ,  t h e  too th  surface has t h e  pa ramet r i c  form as: 
Th is  i s  
Observe t h a t  s ince  t h e  coef -  
A *  
z = z c i ,  0 )  
where and e a re  t h e  su r face  coordinates.  
(3.4.16) 
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3.5 S p i r a l  Bevel Gear Tooth Sur face Generat ion 
3.5.1 Kinemat ics R e l a t i o n  on t h e  Machine S e t t i n g  
F i g u r e  3.5.1 d e p i c t s  a c i r c u l a r  c u t t e r  genera t i  i r a l  bevel  gear. 
The c u t t e r  t u r n s  about i t s  a x i s  Z c  w i t h  an angular  r a t e  ac. 
a x i s  Z c  i s  f i x e d  i n  a machine element c a l l e d  t h e  "c rad le " .  
c u t t e r  forms a sur face which s imu la tes  a crown gear. The c rad le ,  and hence 
t h e  c u t t e r  (crown gear s u r f a c e )  a l s o  r o t a t e .  The r o t a t i n g  a x i s  o f  t h e  
c r a d l e  i s  Z1, and t h e  r o t a t i o n  r a t e  i s  w g .  
b lank  i s  w The c u t t e r  has a s t r a i g h t  blade. The c u t t i n g  speed uc i s  
independent o f  w g  and u p .  
genera t ion .  
The c u t t e r  
The r o t a t i n g  
The r o t a t i o n  r a t e  o f  t h e  gear 
P '  
I t  i s  n o t  r e l a t e d  t o  t h e  k inemat i cs  o f  t o o t h  
The r e l a t i o n  between w g  and up i s  
where N~ and N~ are t h e  numbers o f  t e e t h  i n  t h e  crown gear and t h e  
generated gear r e s p e c t i v e l y .  
The coord inate system used t o  desc r ibe  t h e  crown gear i s  S i ( X 1 ,  Y 1 ,  
Z 1 )  w i t h  t h e  o r i g i n  a t  01. 
through an ang le  +1 about Z1 w i t h  respec t  t o  a g l o b a l  c o o r d i n a t e  system 
S q ( X g ,  Yg, Z g )  w i th  o r i g i n  a t  Og as i n  F i g u r e  3.5.1 
have t h e  same o r i g i n  Og and 01. 
expressed i n  terms of  t h e  components of a v e c t o r  i n  Sg as (See F ig .  
3.5.2.): 
The crown gear G w i t h  frame Si f i x e d  i n  G r o t a t e s  
The System Sg and S i  
The components o f  a v e c t o r  i n  S i  may be 
v = [ R  ] v  -1 l g  -'g (3.5.2) 
C 
Figure 3.5.1. Machine Setting for  Spiral Bevel Gear Manufacturing 
Cutter 
Tip 
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Machine Center 
Figure 3.5.2. Relation of Crown Gear a n d  Cutter 
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where [ R i g ]  i s  an or thogonal  t r a n s f o r m a t i o n  m a t r i x  g i v e n  by 
[ R i g ]  = royl - s i n $ l  ;;in;: Ij 
L e t  r-1 be a p o s i t i o n  vector  l o c a t i n g  a p o i n t  
components o f  c1  i n  S i  have t h e  form: 
S i m i l a r l y ,  l e t  cg be a pos t i  on v e c t o r  1 ocat  
(3.5.3) 
r e l a t i v e  t o  01. L e t  t h e  
(3.5.4) 
ng a p o i n t  r e l a t i v e  t o  
Og. L e t  t h e  components o f  cg i n  Sg have t h e  form: 
c g =  
(3.5.5 1 
Then f rom equat ion  (4.5.2) rl and rg a r e  r e l a t e d  by t h e  express ion:  
11 = CRlg]r_g (3.5.6) 
L e t  a c o o r d i n a t e  system Sc(Xc,  Y,, Z,) be f i x e d  on t h e  c u t t e r  w i t h  t h e  
o r i g i n  a t  Oc(H, V ,  0 )  i n  the  system S i .  
v e r t i c a l  machine s e t t i n g s .  (See Fig. 3.5.2.) The c u t t e r  r o t a t e s  through 
H and V a r e  t h e  h o r i z o n t a l  and 
an angle 0 about a x i s  Zc. The coord ina te  t r a n s f o r m a t i o n  m a t r i x  f rom S i  t o  
Sc i s  th rough CRc-l g iven  by 
- 
s ine  0 
cos0 o 
0 0 1 - 
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(3.5.7) 
L e t  rc  be a p o s i t i o n  v e c t o r  l o c a t i n g  a p o i n t  r e l a t i v e  t o  O c .  L e t  t h e  
components of . rc i n  Sc have t h e  form 
cc = 
(3.5.8) 
Then r and r 1 , g i v e n b y  equat ions (3.5.4) and (3.5.81, a re  r e l a t e d  by 
-C 
t h e  express ion:  
(3.5.9) 
where C R l c l  i s  the t ranspose o f  [ R c l l ,  and T,lc i s  g i v e n  by t h e  express ion:  
- I l c  - 
(3.5.10) 
L e t  a coord ina te  system Sz(X2, Y2, Z2) be f i x e d  i n  t h e  gear b lank.  
L e t  S2 r o t a t e  through an angle $ 2  about Z2 w i t h  r e s p e c t  t o  a second g l o b a l  
c o o r d i n a t e  system Sp(Xp,  Yp, Zp ) .  
Observe t h a t  S 2  and Sp have t h e  same o r i g i n .  
The c o o r d i n a t e  t rans format ion  m a t r i x  f rom S 2  t o  Sp i s  CRp21 g i v e n  by 
See F i g u r e  3.5.1, 3.5.3 and 3.5.5. 
A lso  Z2 c o i n c i d e s  w i t h  Zp. 
r 
I o  0 (3.5.11) 
L e t  rp be a p o s i t i o n  vec tor  l o c a t i n g  a p o i n t  r e l a t i v e  t o  Op, t h e  o r i g i n  of 
Sp. L e t  t h e  components of rp i n  s have t h e  form: P 
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. 
A 
i t  
Crown Gear 
/ 
G 
Pitch Element 
Gemrated Gear 
1 \ 
Figure 3 . 5 . 3 .  Relation o f  Generating Gear a n d  Generated Gear 
61 
ZI 
4 
I 
I /  h 
P Figure 3.5.4. Relation o f  System S a n d  S 9 
Figure 3.5.5. Relation of System S a n d  S2 
P 
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r -  
(3.5.12) 
S i m i l a r l y ,  l e t  r2 be a p o s i t i o n  v e c t o r  l o c a t i n g  a p o i n t  r e l a t i v e  t o  0 , t h e  
o r i g i n  o f  S 2 .  L e t  t h e  components o f  1 2  i n  S 2  have t h e  form: 
- f 2  - 
(3.5.13) 
Then rp and 12 a r e  r e l a t e d  by t h e  express ion:  
The two g l o b a l  coord ina te  systems Sg and Sp a r e  r e l a t e d  by t h e  r o o t  
ang le  y o f  t h e  generated gear and t h e  addendum o f  t h e  c u t t e r  t o o t h  h by 
t r a n s f o r m a t i o n  equat ion.  See F i g u r e  3.5.1, 3.5.3, and 3.5.4. Hence, ., rg 
and - rp are  r e l a t e d  by t h e  expression: 
where 
- 
1 0 
0 s i n y  
0 cosy + s i n y  
and 
(3.5.15) 
(3.5.16) 
(3.5.17) 
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The angular speeds of t h e  crown gear and t h e  generated gear may be 
expressed i n  terms o f  $1 and $2 as: 
(3.5.18) 
(3.5.19) 
where t h e  overdot denotes t h e  d e r i v a t i v e  w i t h  r e s p e c t  t o  t ime. 
Dur ing t h e  process o f  c u t t i n g ,  t h e  s imu la ted  crown gear r o t a t e s  i n  
such a way t h a t  t h e  mot ion i s  conjugate t o  t h e  generated gear b lank.  I n  
F i g u r e  3.5.3, the p i t c h  element 02P i s  an instantaneous a x i s  f o r  these 
"conjugate gears." Hence, t h e i r  angular v e l o c i t y  components on t h e  p i t c h  
element should be equal, t h a t  i s ,  
where yo i s  t h e  p i t c h  angle. 
(3.5.20) 
I n t e g r a t i n g  equat ion  (3.5.20) w i t h  respec t  t o  t ime, then leads t o  t h e  
r e 1  a t  i on : 
s i  nyo 
$1  = cos(yo - y) 92 + $10 
where $10 i s  a constant determined by i n i t i a l  c o n d i t i o n s .  
L e t  t h e  constant w be def ined as: 
s i  nyo 
cos(y - y) w =  
0 
Equat ions (3.5.20) and (3.5.21) may be r e w r i t t e n  as: 
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( 3.5.21) 
(3.5.22) 
(3.5.23) 
(3.5.24) 
Combining equat ions (3.5.11, (3.5.18), (3.5.19) and (3.5.23) g i v e s  t h e  
r e  1 a t  i on : 
(3.5.25 
We can see t h a t  t h e  magnitude o f  cons tan t  w i s  t h e  r e c i p r o c a l  o f  t h e  speed 
r a t i o  42/41. 
3.5.2 C i r c u l a r  C u t t e r  Surface 
F i g u r e  3.5.6 d e p i c t s  a c u t t e r  w i t h  a s t r a i g h t  b lade r o - a t i n g  about he 
c u t t e r  a x i s  Zc. 
f a c e  o f  r e v o l u t i o n  wi th  v e r t e x  angle (. - 2 q 0 ) .  
head c u t t e r  measured i n  t h e  plane Zc = 0 i s  rc. 
V i t h  c o o r d i n a t e  (0, 0, Zo) i n  Sc. 
a r b i t r a r y  p o i n t  C on t h e  sur face o f  r e v o l u t i o n  can then be ob ta ined by t h e  
eq u a t  i ons : 
The s t r a i g h t  b lade of t h e  c u t t e r  descr ibes  a c o n i c a l  sur -  
The mean r a d i u s  o f  t h e  
The apex o f  t h e  cone i s  a t  
The coord ina tes  (xc, yc, z c )  o f  an 
where zc and a are  sur face coordinates.  
Equat ion  (3.5.27) a l s o  may be w r i t t e n  i n  t h e  fo rm 
2 2  f ( x c ,  yc, z c )  = t a n Q O ( x c  + yc) - ( z o  - z C ) 2  = o 
(3.5.26) 
(3.5.27 
(3.5.28) 
The c u t t e r  s u r f a c e  may be expressed i n  t h e  gear b lank system S 2  by 
s u b s t i t u t i n g  f rom equat ions  (4 .5 .9 ) ,  (4.5.141, (4.5.15) i n t o  equat ion  
(4.5.6). T h i s  leads t o :  
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tooth surface 
Figure 3.5.6. Surface of Revolution of the Cutter 
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where [ E l  and 1 a r e  def ined as: 
(3.5.29) 
(3.5.30) 
(3.5.31) 
where i, j = 1, 2, 3. 
By s u b s t i t u t i n g  from equat ions (3.5.31, (3.5.71, (3.5.101, (3.5.16) 
and (3.5.17) i n t o  equat ions (3.5.30) and (3.5.311, t h e  elements o f  [ E ]  and 
1, e i j  and t i ( i ,  j = 1, 2, 3 )  are found t o  be: 
(3.5.32 1 
(3.5.33 1 
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Hence, t h e  c u t t e r  surface expressed i n  t h e  S2 c o o r d i n a t e  system may be 
ob ta ined by s u b s t i t u t i n g  equat ions (3.5.29), (3.5.32) and (3.5.33) i n t o  
equat i on ( 3.5.26) : 
A l t e r n a t i v e l y ,  these express ion may be w r i t t e n  i n  t h e  form: 
3.5.3 S p i r a l  Bevel Gear Tooth Sur face Equat ion 
Equat ions (3.5.35) represent  t h e  genera t ing  s u r f a c e  seen by t h e  gear 
blank. To determine t h e  envelope of t h e  c u t t e r  s u r f a c e  on t h e  gear b lank,  
we compute t h e  p a r t i a l  d e r i v a t i v e  o f  rc,  i n  equat ion  (4.5.29), w i t h  r e s p e c t  
t o  t h e  parameter $2 (See Appendix A2; ) .  That i s :  
(3.5.36) 
The second term i s  zero s i n c e  r 2  i s  f i x e d  i n  S2. The f i r s t  and t h e  
l a s t  terms may be determined f rom t h e  p r e v i o u s  t r a n s f o r m a t i o n  equat ion--  
s p e c i f i c a l l y ,  f r o m  equat ions (3.5.30), and (3.5.32). L e t  t h e  m a t r i x  CDl be 
d e f i n e d  as: 
.” 
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(3.5.37) 
The components of CDl may be ob ta ined from equat ion  (3.5.32) as: 
From equat ions (3.5.31) and (3.5.331, d e f i n e  t h e  v e c t o r  B as: 
(i = 1, 2 ,  3) (3.5.39) 
L L 
t h e n  
b i  = 0 (i = 1, 2, 3)  (3.5.40 1 
Hence, equat ion  (3.5.36) may be r e w r i t t e n  i n  t h e  form: 
a 
.- sc = C d i j l r 2  (i, j = 1, 2 ,  3)  (3.5.41) 
Equat ion  (3.5.41) represents  t h e  d e r i v a t i v e  of t h e  equat ion  o f  t h e  
a $2 
t r a n s f o r m a t i o n  f rom t h e  c u t t e r ' s  system t o  gear b lank  system. I t  i s  
u s e f u l  f o r  t h e  d e r i v a t i o n  o f  the c o n s t r a i n t  equat ion  of t h e  c u t t e r ' s  
mot i on. 
The d e r i v a t i v e  o f  t h e  c u t t e r  c o n i c a l  sur face  w i t h  r e s p e c t  t o  42, t h e  
r o t a t i o n  angle o f  t h e  gear blank, i s  (See equat ion  (3.5.28)): 
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(3.5.42 ) 
S u b s t i t u t i n g  equat ion  (3.5.26) i n t o  (3.5.421, t h i s  g i v e s  
a xc 2 t a n 2 ~ ~ ~ ( z ,  - zc)cotqjocos -
a42 a xC 
$2 a $2 
- 0  + ( z o  - z,)cot$,sin I + 2(z0  - zc)  -  
I f  zc i s  n o t  equal t o  zo, t h i s  becomes: 
Z 
C 
X 
t a n  o[cos - C + s i n  - y c ] +  - = o  
2 2 2 
From equat ion  (3.5.411, i t  i s  seen t h a t  
S u b s t i t u t i n g  equat ion (3.5.45) i n t o  (3.5.44), then leads  t o :  
(3.5.43 1 
(3.5.44 1 
( 3.5.45 
(3.5.46) 
(3.5.47) 
Equat ion  (3.5.47) i s  t h e  c o n s t r a i n t  equat ion  of t h e  c u t t e r  mot ion on 
Combining equat ions (3.5.35) and (3.5.47), t h e n  leads  t o  t h e  gear b lank.  
t h e  equat ion  
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(3.5.48 ) 
where c o e f f i c i e n t s  a i j ( i ,  j = 1, 3)  are:  
a31 = tan$,(dllcosa + d z l s i n a )  + d31 
a32 = tan+o(d12cosa t d22sina) + d32 
a33 = t a n + 0 ( d 1 3 c o s ~  + d23sina)  + d33 
a34 = 0 
Equat ion (3.5.48) w i t h  c o e f f i c i e n t s  f rom equat ion  (3.5.49) forms a s e t  
o f  s imul taneous equat ions represent ing  t h e  envelope o f  t h e  c u t t e r  r e 1  a t i v e  
t o  t h e  gear blank. The s o l u t i o n  of equat ion  (3.5.41) descr ibes  t h e  t o o t h  
sur face impress ion c rea ted  by the  c u t t e r .  Observe t h a t  s i n c e  t h e  coef -  
f i c i e n t s  a i j  a r e  f u n c t i o n s  o f  (a, ill), t h e  s o l u t i o n  of equat ion  (3.5.48) 
has t h e  paramet r ic  form: 
(3.5.50 
7 1  
where (Y.  and ‘11 are the surface coordinates. 
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Chapter 4 
Conclusions and A p p l i c a t i o n s  
A new model ing method s i m u l a t i n g  t h e  gear manufactur ing process has 
been presented. 
dures. 
The method i s  a p p l i c a b l e  w i t h  hobbing and shaping proce- 
It can be used w i t h  bo th  spur and bevel  gears. 
The model s imu la tes  t h e  k inemat ics o f  t h e  gear c u t t e r .  The c u t t e r  
p r o f i l e  s descr ibed i n  terms o f  t h e  gear b lank c o o r d i n a t e  system. 
App ly ing  a one parameter envelope theory,  w i t h  t h e  r o t a t i o n  angle o f  t h e  
gear b lank being t h e  parameter, the envelope o f  t h e  c u t t e r  p r o f i l e  on t h e  
gear b lank  descr ibes t h e  gear too th  p r o f i l e .  
c u t t e r  equat ion  w i t h  r e s p e c t  t o  the r o t a t i o n  angle, determines t h e  
c o n s t r a i n t  equat ion  o f  t h e  c u t t e r  mot ion.  The simultaneous s o l u t i o n  o f  t h e  
c u t t e r  equat ion  and c u t t e r  c o n s t r a i n t  equat ion p r o v i d e s  t h e  c u t t e r  envelope 
which i s  t h e  gear t o o t h  p r o f i l e .  These are  equat ions (2.3.61, (2.4.4) and 
(2.4.5) o f  Chapter 2 f o r  standard and nonstandard gear t o o t h  p r o f i l e s ,  and 
equat ion  (3.4.16) o f  Chapter 3 f o r  s t r a i g h t  bevel  gear t o o t h  surfaces, and 
equat ion  (3.5.50) o f  Chapter 3 f o r  s p i r a l  bevel  gear t o o t h  sur faces.  The 
gear shaping s i m u l a t i o n  i s  modeling i n  Sec t ion  2.5. The c u t t e r  takes t h e  
r a c k  fo rm on a wheel. 
t i o n  (2.5.7) .  
The p a r t i a l  d e r i v a t i v e  of t h e  
The shaped gear t o o t h  p r o f i l e  i s  expressed i n  equa- 
There a r e  many a p p l i c a t i o n s  of  t h e  f o r e g o i n g  a n a l y s i s .  It may be used 
t o  s tudy  s t r a i g h t  and s p i r a l  bevel gear t o o t h  s u r f a c e  c h a r a c t e r i s t i c s .  The 
e f f e c t s  of t h e  machine s e t t i n g s ,  t h e  c u t t e r  rad ius ,  t h e  mean cone d is tance,  
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t o o t h  space w i d t h  taper ,  and s l o t  w i d t h  
A lso ,  t h e  sur face  equat ions o f  t h e  beve 
t i z e d  f o r  a f i n i t e  element mesh generat  
mic  a n a l y s i s  o f  these gears may be s t u d  
taper  C81 can a l s o  be examined. 
gear t o o t h  may be a c c u r a t e l y  d i g i -  
on. 
ed. 
F i n a l l y ,  t h e  s t a t i c  and dyna- 
F u t u r e  e f f o r t s  should i n c l u d e  extending these procedures t o  s tudy  
gears w i t h  n o n - i n t e r s e c t i n g  s h a f t s - - t h a t  i s  , hypo id  gears. A1 so, s o f t w a r e  
t o  a u t o m a t i c a l l y  generate these gear t o o t h  surfaces needs t o  be developed. 
The e f f e c t  o f  sur face c h a r a c t e r i s t i c s  on t h e  s t resses,  performance, and 
l i f e  needs t o  be examined. 
mal des ign needs t o  be developed. 
F i n a l l y ,  t h e  use of these procedures f o r  o p t i -  
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Appendix A l .  The Envelope o f  a Fami l y  o f  Curves 
I n  t h e  xy plane, l e t  
be t h e  equa t ion  o f  a f a m i l y  of curves. 
t angen t  t o  each curve  of t h e  fami ly .  
and l e t  
L e t  E be a cu rve  i n  t h e  p l a n e  
L e t  t be a parameter f o r  t h e  envelope 
S ince  these r e l a t i o n s  make equat ion ( A l )  an i d e n t i t y ,  we have 
On any g i v e n  curve, t i s  cons tan t .  Hence, we have t h e  equa t ion  
T h i s  determines t h e  s lope  o f  E a t  any p o i n t .  Hence 
and 
A comparison o f  equat ions  (A31 and ( A 5 1  shows t h a t :  
( A 4  1 
T h i s  forms an a l g o r i t h m  f o r  f i n d i n g  t h e  pa ramet r i c  equat ions  o f  t h e  
envelope. That  i s ,  we s imp ly  solve equa t ions  ( A l l  and ( A 6 )  f o r  x and y i n  
te rms of t. See Reference C31 f o r  a d d i t i o n a l  d e t a i l s .  
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Append i x A2. Devel opabl e S u r f  aces 
I n  genera l ,  a s u r f a c e  has a d i f f e r e n t  tangent  p l a n e  a t  each p o i n t .  
Hence, t h e  sur face  may be regarded as t h e  envelope o f  a two-parameter 
f a m i l y  o f  p lanes. 
tangent  p lanes i s  known as a "developable" sur face.  
A s u r f a c e  which, has o n l y  a one-parameter f a m i l y  o f  
L e t  t h e  equat ion o f  t h e  f a m i l y  be 
where t i s  t h e  parameter. 
L e t  S be a sur face  of t h e  f a m i l y  and l e t  i t  be i n t e r s e c t e d  by a ne igh-  
If S and S I  correspond t o  t h e  va lues t and t + A t  o f  t h e  b o r i n g  sur face.  
parameter, t h e  i n t e r s e c t i o n  curve i s  represented  by t h e  s imultaneous 
equat ions 
I t  may a l s o  be represented  by t h e  equat ions 
F ( X 1 ,  ~ 2 ,  ~ 3 ,  t + A t )  - F ( X 1 ,  ~ 2 ,  ~ 3 ,  t )  (A91 
A t  
The sur face ( F ( x 1 ,  x2, x3,  t + A t )  - F ( x 1 ,  x2,  x3 ,  t ) ) / A t  = 0 goes 
th rough t h e  curve  common t o  t h e  two sur faces  F ( x 1 ,  x2,  x3, t )  = 0 and F ( x 1 ,  
x2,  x3, t + A t )  = 0. When S '  approaches S as a l i m i t  ( t h a t  i s ,  when A t  
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approaches zero)  t h e  i n t e r s e c t i o n  curve w i l l ,  approach a l i m i t s  curve  C. 
T h i s  curve  has t h e  r e p r e s e n t a t i o n s  g iven by: 
When t h e  parameter t var ies ,  t h e  curve C w i l l  v a r y  and generate a sur -  
face .  T h i s  sur face  i s  t h e  "envelope" o f  t h e  g iven f a m i l y .  
Equat ion ( A l O ) ,  when t i s  f i x e d ,  represents  a curve  on t h e  s u r f a c e  of 
t h e  f a m i l y .  The same equat ions,  w i t h  t v a r i a b l e ,  r e p r e s e n t  t h e  envelope. 
The r e s u l t  o f  e l i m i n a t i n g  t f rom them i s  t h e  equat ion  o f  t h e  envelope. See 
Reference C31 f o r  a d d i t i o n a l  d e t a i l s .  
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